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A universal approach to description of quantum dynamics of nonrigid molecules and 
molecular complexes is outlined. The method includes reconstruction of the potential energy 
surface using data of quantum-chemical calculations of the geometry, and eigenfrequencies 
for the ground and transition states followed by solution of the multidimensional dynamical 
problem with tile semiclassical approximation. The approach is based on the path integral 
technique and can be used for calculations of frequencies of interconfigurational tunneling 
transitions in the ground and lowest excited states of molecules with several stable configura- 
tions and for determination of decay probabilities for the same states of metastable systems. 
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Introduction 

Any chemical reaction can be considered as a rear- 
rangement of  the reactive complex, which transfers a 
stable configuration on the potential energy surface 
(PES) in the reactant valley into a stable configuration 
in the product valley. The strategic goal of  modem 
quantum chemical  dynamics is to develop a universal 
formalism for the description of  chemical  reactions pro- 
ceeding at initial energies E that are lower than the 
height I ,a of  the barrier dividing these valleys, i.e., to 
establish regularities relat ing the probabil i t ies  of  t u n n e l -  
ing transitions to peculiarities o f  the PES structure. In 
this definition we emphasize the distinction between the 
quantum chemical dynamics and classical dynamics,  
which deals with thermally activated reactions proceed-  
ing at initial energies that are higher than the barrier 
height (E  > I ,a) and corresponding to strong vibrational 
excitation of  the reactants. Since for polyatomic systems 
the density of  vibrational states increases in proport ion 

to the factorial of  the vibrational quantum number, in 
the energy range corresponding to classical reaction 
transitions (in the vicinity of  I a )  the energy spectrum 
becomes so dense that even relatively weak nonlinear 
interactions (e.g., cross-anharmonici ty)  provide stochas- 
tic behavior of the states, i.e., transition from regular to 
stochastic motion. 1,2 This transition substantiates the 
use of  statistical theories (e.g., the transition state theory 
and the Russel - -Ramsperger--Kassel - -Marcus  (RRKM) 
theory 3,4) in classical chemical dynamics. At the same 
time, at low initial energies, i.e., in the region of  a 
discrete  spectrum of  vibrational states with "good" quan- 
tum numbers, the motion remains regular. 

A thermally activated regime of  chemical reaction is 
changed by a tunneling regime at temperatures below 
the characteristic crossover temperature To. s In the vi- 
cinity of  T e, the temperature dependence of  the rate 
constant shows a bend and the Arrhenius law is no 
longer valid. At temperatures below Tc the major contr i -  
bution to the rate constant comes from low-energy 
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states; therefore the region of  regular motion is of  prime 
interest for quantum dynamics. Because of distinctions 
between the states dominating in classical and quantum 
dynamics, spectroscopic investigations of  nonrigid mol- 
ecules, whose rearrangements reproduce almost all types 
of  transformations occurring in chemical reactions, have 
a crucial advantage over studies of  reactive complexes. 
in the latter case, available information on the dynamics 
of the systems studied is restricted to the dependence of 
the rate constants on the energy (or temperature) only. 
At the same time, rearrangements of  nonrigid molecules 
and molecular complexes are characterized by a set of 
tunneling frequencies (tunneling matrix elements) for 
different vibrational states which are measured by high- 
resolution molecular spectroscopy 6 and make it possible 
to perform much more sophisticated tests for the validity 
of  the theory than chemical kinetics data. The develop- 
ment of  different methods of  vibration-tunneling spec- 
troscopy, including laser spectroscopy of  supersonic cool- 
ing, 7 NMR spectroscopy, and inelastic neutron scatter- 
ing 8 (see also review6), made it possible to study a wide 
variety of  molecular rearrangements and stimulated the 
progress of  quantum chemical dynamics in the last 
decade. The state-of-the-art in this new area of  theo- 
retical chemistry is determined not only by the quest to 
create a more universal theory of  chemical reactions 
than the transition state theory, but also by the search 
for new methods of  increasing their selectivity, which, 
apparently, is associated with selective activation of  only 
those degrees of  freedom which participate in the reac- 
tion. This can be done in the case of  mode specific 
excitation of  the reactive complex9,1~ however, the 
above-mentioned mixing of  higher vibrational states pre- 
vents such an activation. It is possible to reduce this 
undesirable effect by passing to low energies and tem- 
peratures, i .e. ,  to the region where nonmixed vibrational 
states dominate. It should be emphasized that the mode 
specific reactions form a basis for the development of  
new efficient methods tbr isotope separation. 

Most theoretical studies on quantum chemical dy- 
namics are carried out following two main investigation 
lines, namely, introduction of  quantum corrections into 
statistical theories tl,12 and consideration of  quantum 
transitions in a discrete spectrum of  vibrational states. 6 
If the known approaches are mostly used in the former 
case, the progress of  the latter investigational line is 
associated with the development of  new-methods--for 
quantitative description of  multidimensional tunneling. 
In this connection, mention may be made of  the reac- 
tion path Hamiltonian approach, 13,14 in which a specific 
trajectory, is introduced in the spirit of  the transition 
state theory and the narrow vicinity of  this trajectory 
makes the major contribution to the transition probabil- 
ity. If  the vibrationally adiabatic approximation is valid 
(the frequencies of  transverse vibrations with respect to 
the reaction path are higher than the characteristic 
frequency of  longitudinal motion), the multidimensional 
problem can be reduced to the one-dimensional one in 

which the motion occurs along the reaction path in the 
effective potential and the width of  the reaction channel 
is determined by the reaction coordinate dependent 
amplitudes of  transverse vibrations. Later, improved two- 
dimensional models 14A5 based on the Feynman path 
integrals technique 16 were proposed. Nevertheless, it 
was impossible to study tunneling dynamics of  polyatomic 
molecules without artificial reduction of  the number of  
degrees of freedom. Recently,17-zl a universal semiclas- 
sical approach, free from this limitation, was suggested. 
In this work we briefly outline this approach in order to 
sum up the previously reported results in a form suitable 
for calculating particular systems. 

Classical and tunneling extreme trajectories 

The probability of a thermally activated overcoming 
of  a barrier is determined by its height V r only, so the 
reaction path coincides with the minimum enemy path 
(MEP) and passes through a saddle point on the surface 
dividing the reactant and product valleys (Fig. 1). The 
width of  the classical reaction channel is determined by 
the amplitudes of  thermal transverse vibrations about 
the MEP, which are equal to ( k B T / m ) V 2 ,  where k 8 is 
the Boltzmann constant and m is the reduced mass. The 
same path characterizes the tunneling reaction in the 
vibrationally adiabatic limit at 7"< T c where the channel 
width becomes equal to the zero-point  amplitude 
(a/mco) t/2, where ~o is the frequency of  vibration. In the 
Feynman picture of  quantum mechanics z~- the prob- 
abilities of  different quantum trajectories are determined 
by the minimum action principle and, hence, are depen- 
dent not only on ~ ,  but also on the path length. For 
low-frequency transverse vibrations the extreme tunnel- 
ing trajectory (ETT) does not coincide with the MEP; 
the higher the barrier, the shorter the ETT. These 
"cutting comer" trajectories z3 (see Fig. 1) have been 
studied in detail in the low-frequency limit, which is 
opposite to the adiabatic limit. 24-26 The shape of  the 
E'IF at arbitrary longitudinal/transverse vibration fre- 
quency ratios has been considered previously. 17-21 The 
passage from adiabatic trajectories approaching the MEP 
to corner-cutting trajectories with decreasing frequency 
of  transverse vibration is illustrated in Fig. 2. 
in the path integrals formalism the tunneling path is 
defined as a zero-energy ETT satisfying the mini- 
mum act ion p r inc ip te  i n t h e  c l a s s i c a l l y f o r b i d -  
den region of  the potential barrier, it was shown 27-29 
that such an ETT can be found from the solution of  the 
classical equations of motion in imaginary time and with 
an "upside-down" barrier. This requires such a trans- 
formation of  the phase space that the coordinates (X) 
remain real, whereas the conjugate momenta (p) be- 
come imaginary, so the potential and energy change 
their signs: 

t -~ - i t ,  X --~ X, p --+ ip, V --* - I'~ E --~ - E, (I) 

where t is time. 
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Relationships (I)  show that, in contrast to the mo- 
tion in the classically accepted region with real mo- 
menta, the motion in the potential  barrier is instanta- 
neous on the real time scale. For this reason, the ETT 
defined above was called instanton. A review concerning 
applications of the instanton approach to quantum chemi- 
cal dynamics was reported. 6 Two stable configurations 
correspond to global maxima of"upside-down" PES, the 
system occupies one of  them, passes to the other maxi- 
mum, and returns back (Fig. 3). Since the direct and 
reverse transitions are separated by an arbitrary, time 
interval, the ETT consists o f  a "kink--antikink" pair. An 

Fig. 1. Equipotential plot of two-dimensional cut of the PES 
with two equivalent configurations. The MEP connecting the 
PES minima and passing through the saddle point on the PES 
is shown by a dashed line; the corner-cutting tunneling trajec- 
tory is shown by a solid line. The saddle point is shown by a 
cross.  
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Fig. 2. Change in the shape of 2D tunneling trajectory depend- 
ing on the transverse vibration frequency ~o. The transverse/ 
longitudinal vibration frequency ratio is 0.15 (/). 0.6 (2), and 
1.5 (3). Curve 4 is the MEP. 

ETT called "bounce," which includes a portion from the 
top to the wall and back, corresponds to decay of  a 
metastable state. If a double-well potential becomes 
asymmetric, the kink--antikink pair is transformed into 
a bounce. 3~ The instanton approach is semiclassical in 
the sence that it uses expansion in terms of  small 
semiclassical parameter ~,-I which is equal to the ratio 
of  the zero-point  energy to the barrier height 

7 = rnf2a2t(2t0 = ~ ral( ,~) ,  (2) 

where 2a is the distance between the PES minima (the 
transfer length), f2 and m are the frequency and mass of 
longitudinal vibration at the PES minimum, respec- 
tively, and ~ is the shape factor of the barrier. The 
semiclassical action on the instanton (W)  has the form 

W =  i [0-5m(ds/dt) 2 + k(s)]dt = ds (3) 
-7"/'2 - a  

(where T is the period of vibration and s is the distance 
along the ETI-) and determines the exponent of  the 
semiclassical wave function ('F). The dependence of  '-e 
on vibrational quantum numbers is included in the 
prefactor A, which is determined by root-mean-square 
fluctuations about the ETT for the ground-state func- 
tion: 

'Vn.ln, i = An.l,u~exp(- W/h)�9 (4) 

where n and n k are the vibrational quantum numbers. 
Though the expansion in powers of  ,:-1 used in the 
instanton approach is equivalent to the expansion in h in 
conventional semiclassical approximation (see, e.g., Ref. 
31), the distinctions are that ( I )  the ETT has zero 
energy (see Eq�9 (3)) and (2) no motion in the classically 
acceptable regions is considered in the instanton ap- 
proach and, hence, there are no turning points at which 
the solutions for the accepted and forbidden regions are 
to be matched�9 Such an approach is substantiated by the 
fact that an asymptotically smooth transformation of  the 
semiclassical wave function (4) into the product of  the 
functions of  harmonic oscillators, corresponding to nor- 
mal vibrations, occurs at the PES minima. 16,17.3z The 
method of  calculations of  prefactors for excited states of  
longitudinal and transverse vibrations Is with quantum 
numbers (n, {nk}) is based on the solution of the semi- 
classical Hamil ton--Jacobi  equations. (HJE) 

~"b~)('~W)2 + ~ l a W )  2 - ~  - V(X, {Yk}) 

and the transport equation (TE) 

(5) 

3W O'4#.{n~ + ~ ~W dAn.In,} _ 

05f ~2['1" + - -  32W') A 
= En.l,utA,,.i,,,). (6) 
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In accord with the main idea of  the instanton approach, 
the energy eigenvalue E,.{nk} (the value of the order of  h, 
i.e., of  y-I)  is transported from the HJE into the TE. 
Solutions o f  these equations are found as expansions in 
power series of  coupling coefficients between the longi- 
tudinal and transverse coordinates. The instanton ap- 
proach has the advantage over conventional semiclassi- 
cal approximation that it is possible to circumvent the 
up-to-date unsolved problem of matching the solutions 
in the multidimensional case where isolated turning 
points become caustic surfaces (see above). The known 
methods for calculations of  complex-time trajectories in 
regions bound by caustic surlhces and their continua- 
tions 33-35 can be applied to 2D problems only and their 
complexity is comparable with quantum calculations. At 
the same time, real ETT used in the instanton approach 
require only a system of differential equations of  motion 
to be solved. For model PES of general form, I~i,zi 
first-order (with respect to the coupling coefficients) 
solutions can be obtained analytically. It should also be 
noted that the whole set o f  excited vibrational states 
is characterized by a common  ETT and that the 
action along the Eq-I" is independent of  vibrational 
quantum numbers. The choice of  the wave functions (4) 
in the form of  a product of  the exponent, which 
is independent of  (n, {nk}), and the prefactor An,Ink} 
corresponds to the wave functions, which (in the weak 
coupling limit) are equal to the product of the functions 
of  normal vibrations. 

Symmetry of low-energy PES 

Low-energy PES are expansions in a power series of  
internal coordinates, which include the 1D potential for 
angular tunneling coordinate ~ (in some instances it 
becomes the rectilinear coordinate X) and a set of  small- 
amplitude transverse vibrations {Yk} coupled with the 
@ coordinate. The equilibrium positions and frequencies 
of  {Yk} vibrations are dependent on @. The choice 
of  such PES is due to the existence of  well-defined 
lowest levels o f  normal vibrations in the classically 
accepted regions near the PES minima. The system 
of  equations o f  motion is integrable and classical trajec- 
tories belong to the surfaces o f  undestroyed tori in the 
phase space, l,z The wave functions of these regular 
states are characterized by a set of  "good" vibrational 

quantum numbers and exponentially decrease in the 
classically forbidden region. Since for typical molecular 
rearrangements the barrier between stable configurations 
is much lower than the dissociation threshold, the phase 
space region corresponding to irregular classical trajec- 
tories is well separated from the region of  quantum 
transitions between the low-energy states and it is pos- 
sible to use the PES with small anharmonicity of  trans- 
verse vibrations, i.e., to operate in the weak coupling 
limit. 

If  the geometry of  the transition state is chosen as a 
reference system, the manifold of  the configurations 
along the MEP is characterized by a set of  internal 
coordinates 6a(@) for which the tunneling coordinate @ is 
a parameter. Let us introduce intrinsic coordinates, i.e., 
changes in the bond lengths and bond angles with 
respect to the reference system, in the form 

8~ = ~o +f~<~), (7) 

where fa(~) is the displacement of  the equilibrium posi- 
tion for the ctth coordinate along the MEP and 6a ~ is the 
displacement with respect to the MEP point at a given 
value of  ~. Generalized small-amplitude coordinates Yk 
are chosen as linear combinations of  t5 a, corresponding 
to the symmetry, of the nonrigid molecule: 

Yk = ~ck~6~- (8) 

Substituting Eq. (7) into Eq. (8), we get expressions 
analogous to Eq. (7): 

Yk = Yk ~ + Fk(~), (9) 

where Y~ can be chosen as independent variables and 
Fk(@) are the displacements of  the equilibrium positions 
for Yk-vibrations with respect to the reference system for 
which Fk(O) = 0. Thus, the set of  internal coordinates 
includes the large-amplitude coordinate @ and 3 N -  7 
transverse coordinates Yr. Let us expand the potential 
energy of transverse vibrations in a power series of  Yk- 
Since the standard configuration corresponds to a sta- 
tionary point on the PES, the linear term of  the expan- 
sion is equal to zero. The set o f  Yk coordinates belongs 
to irreducible representations o f  the symmetry group of  
a nonrigid molecule 36 and, in the harmonic approxima- 

Fig. 3. Trajectories of classical motion in the upside-down barrier: the kink--antikink pair in a symmetric double-well potential (a); 
bounce in a decay potential (b). 
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tion, the potential energy of  transverse vibrations V({ Y~}) 
has the form 

v({ rk}) = 0.5_Y,o,2 yJ  + 0.5 ~'~oA2Fk2t4>) -~ ~<o,2Fk(<~)Yk. (10) 
k k k 

The first term in expression (10) describes uncoupled 
vibrations, the second term renormalizes the I D poten- 
tial for the tunneling coordinate, and the third term 
defines couplings between the tunneling and transverse 
coordinates. By expanding the F~(~) functions into a 
Fourier series (or into a power series for the rectilinear X 
coordinate) and restricting ourselves to the lowest non- 
zero terms it is possible to distinguish only a limited 
number of  types of ~Y-coupling. The corresponding 
two-dimensional PES are shown in Fig. 4. Since the 
low-energy PES is characterized by small cross- 
anharmonicity, these two-dimensional cuts are struc- 
tural elements of  the multidimensional PES. The linear 
XY-coupling (L) is responsible for the displacement of  
the PES minima along the Yaxis, so the ETT and MEP 
become longer than the one-dimensional path in a 
separable (with zero coupling) potential. Owing to the 
path elongation, the linear coupling increases the action 
and suppresses tunneling. On the contrary., the gated 

X2ycoup l i ng  (G) causes no shifts of  the minima; how- 
ever, it is responsible for the displacement of  the transi- 
tion state, lowering the height of  the potential barrier, 
and, thus, for increasing the tunneling probability. In 
the case of  squeezed X 2 y  2 coupling (Sq) the one- 
dimensional path remains unchanged; however, the trans- 
verse frequency becomes X-dependent. There exist five 
types of  coupling for the angular tunneling coordinate 
with a period of 2,~/1 

S h -  Ysin(l~); B r e -  Ycos(l~); A s q -  Y2cosr162 

H I -  Ysin(0.5/~); H g a -  Ycos(0.5/qS). (l l) 

The corresponding 2D cuts of  the PES are shown in Fig. 5. 
From formula (10) it follows that the approximation 

of  noninteracting transverse vibrations corresponds to 
harmonic vibrations. The third- and fourth-order  
anharmonicities produce Sq-couplings and ~-dependent 
couplings between transverse coordinates of the type 

YJ<Yk'~:' ,k'~"Fk"(4 ~) = Rk~..(4,) Y~-Yk'- (12) 

Neglecting-small proper anharmonic]ty o f  transverse 
vibrations, the PES can be represented in the form 

v(4,, {Y~I) = l'b<<l>) + o . 5 ~ ( ~  + R~.s(4>))Y, 2 + 
k 

+ ~,RklAG)(~)Y k + ~Rkk.(d~)Y/r (13) 
k 

where R~L(G)(~) = c0k2Fk(d~). The advantage of  the PES 
representation in the form (13) is the possibility of  
establishing the type of  coupling using symmetry prop- 
erties of  normal vibrations of  the nonrigid molecule. 19 A 

a 

-~ 
:o,t( ' 

.0 -0.5 0 0.5 1.0 X 

b 

'oltt,/ili//;i\  
-o2f/lt 

I 
-1.0 -0.5 0 0.5 1.0 X 

Y c 

-0.2 

- t t - 
-0 .4  -1.0 -0.5 d 0.5 1.0 X 
Fig. 4. Two-dimensional PESs with different symmetries of 
coupling between the rectilinear tunneling and transverse co- 
ordinates: L, V = Vo(X) + 0.5w2(Y- C/to2X) 2 (a); G, V = 
Vo(X) + C(I - X2)y + 0.5o2y 2 (b); and Sq, V = Vo(X) + 
CX2y 2 + 0.5o2y 2 (c). Vo(X) is the ID potential. The ETT and 
MEP are shown by solid and dashed lines, respectively. 

set of  "feasible" symmetry operations corresponding to 
displacement along the MEP forms the isodynamic group 
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Fig. 5. Two-dimensional PESs with different symmetries of coupling between periodic tunneling and transverse coordinates: 
Sh (a), Bre (b), Asq (c), HI (d), and Hga (e). The ETT and MEP are shown by solid and dashed lines, respectively. 

G, which includes (i) the point group GO for an arbitrary @ 
value and (ii) the internal group G i, which transforms one 
stable configuration into another one, as subgroups36--38: 

G = GP | G I, 

where the symbol | denotes the semi-direct  product.  
The type of  coupling is established using the correlation 
diagram relating the irreducible representations of  the 
point symmetry groups for the ground (Gn 0) and transi- 
-tion--(GP~)-%tares via t h e - i r r e d u c i b l e  representations of  
the isodynamic group. The Gv n point group always 
contains the On operat ion,  which transforms one stable 
configuration into another one,  the @ coordinate being 
ant isymmetric  with respect to On. If O# is a mirror in 
plane ~#, the latter coincides with the dividing surface of  
the PES where the transition state is situated. If the GP 0 
group contains  no symmetry operations absent in GPn 
(i.e., if GP 0 and (E, O#) are subgroups of  GPn), antisym- 
metric transverse vibrations belonging to the same repre- 
sentation in the Go 0 group as d~ are coupled linearly, 
because the characters of  all operations except for O# 

coincide in this representation. If symmetric vibrations 
and @ belong to the same representation in GP 0 but to 
different representations in Gn n, the coupling is of  the 
gated-type, i f  Yand 4~ belong to different representations 
in both the Go 0 and GO# groups, the coupling is totally 
symmetric. This simplest case corresponds to the linear 
tunneling coordinate and, e.g., to a proton transfer. The 
corresponding correlation diagrams are shown in Fig. 6, a. 
For the elements absent in GP# to appear  in the GP0 
group~ -the internal .group G I  m u s t  contain a Ct- symme~ 
try axis of  an order higher than 2, which lies in the c~# 
plane and transforms this plane into the corresponding 
element of  GP 0. Hence it follows that the tunneling 
coordinate should be an angular coordinate with a pe- 
riod of 2tEll (l > 2), while the isodynamic group should 
contain degenerate irreducible representations (one of  
them is symmetric,  whereas the other is ant isymmetric  
with respect to ~n) correlating with different irreducible 
representations of  GP 0 and GPn. If  there is only the 
M EP for the nonrigid molecule,  the tunneling coordi -  
nate belongs to the nondegenerate ant isymmetric  repre- 
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Fig. 6. Correlation diagrams of irreducible represemations for 
the H202 molecule C2(G%)--C2| (a) and the 
hydro• ion Cs(G%)--C2| (b). 

sentation of  the isodynamic group. The diagram for l = 3 
is shown in Fig. 6, b. Types of  coupling for different 
nonrigid molecules were described previously. 19 Since 
the (6, { Yk}) coordinates are not normal modes of  the 
ground state, kinematic couplings arise between them in 
addition to potential couplings, and the kinetic energy 
operator 2~ depends on 9. 

Determination of the PES parameters 
from the data of quantum-chemical calculations 

The following parameters are determined in standard 
quantum-chemical calculations o f  the equilibrium ge- 
ometry, frequencies, and eigenvectors of  normal vibra- 
tions of  a nonrigid N-atomic molecule in the ground 
and transition states: 

(1) the barrier height in the transition state ( ~ ) ;  
(2) 3-vectors of  atomic positions acx # and act 0, 

ct = I . . . . .  N in three-dimensional Cartesian frames, 
which are different for the transition (E ~) and ground 
(E ~ states; 

(3) 2(3N - 6) eigenfrequencies and 2(3N - 6) effec- 
tive masses of  normal vibrations for the transition (f~k ~, 
mk ~) and ground (f~0, m0)  state, k = I . . . . .  3 N -  6; 

(4) 3Nx(3N - 6)-matrices s ~ (and sO), which relate 
the dai # (dai ~ displacements (i = I. 2, 3) in the En(E ~ 
frame to the Qk ~ (Qk n) eigenvectors in the respective 
(3N - 6)-dimensional spaces of  normal vibrations 

Sk(xi = OQk/adc, i, Qn = s#d ~, Q0 = sod 0. (14) 

Transformation of the s frame into the E n frame is 
performed using the Eckart conditions, according to 
which the molecular geometry (its internal deformation) 
is independent of  both displacements of the center of  
mass g)  and rotation of  the entire molecule given by the 
rotation matrix U(7~176176 The Eckart conditions sepa- 
rate six external coordinates (projections of  the 3-vector 
R ~ and three angles of rotation Z ~ 0 ~ and q~0) and define 
the position vectors and Cartesian displacements in the 
ground and transition states in the same frame for the E ~ 
state 

-o = R?(~) § U(z ~ o ~ ~~ 
d~, = U(z o, o o. : ) a ~  (]5) 

Eqs. (14) and (15) define the ( 3 N -  6 ) •  6) 
transformation matrix of  normal coordinates 

Q~ = SQ ~ S = :U(s~ - l .  (16) 

Eqs. (15) and (16) are analogous to those used in the 
standard FG-formalism, which describes small-ampli- 
tude vibrations of  po[yatomic molecules with the only 
stable configuration. 39 

The type of  6Y-coupling uniquely determines the 
forms of  the Rkk'(9) functions in potential (13) and 
those of kinematic 9 Y- and YY'-couplings.19,x~ For such 
a Hamiltonian of  the nonrigid molecule, the frequency 
of 9-vibrations at the PES minimum, ( 3 N -  7) frequen- 
cies of  transverse Y-vibrations (cok), ( 3 N -  7) coeffi- 
cients of 6 Y-couplings, and (3N - 6 ) ( 3 N -  7)/2 coeffi- 
cients of both Sq- and YY'-couplings should be deter- 
mined. 

The potential function V(6, Y) and the classical 
kinetic energy T(P~,, Py) become quadratic forms of  
coordinates (9 - 9 #, { Y -  Y~}) and (6 - 6 ~ { Y -  y0}) 
and their conjugate momenta (P,", {P~}) and (p ,0  
{PRO}) in the vicinity of  stationary points 9 = ~# and 
6 = 6 ~ respectively. Let us introduce the ( 3 N -  6)x 
(3N - 6)-matrices of  transformation of  these coordi- 
nates into normal ones 

Qn= pcI(<~_r ~}1, Q0= p0[(r162 y0}], (17) 

where the ( 3 N -  6)-dimensional vectors (6 - 6 #, { Y -  Y~}) 
and (9 - 6 ~ { Y -  y0 }) are equal because they differ in 
origin only. From Eqs. (16) and (17) it follows that 

Q~ = e q p 0 ) - ~ ,  S =  ,"~(e~ (t8~ 

The problem of  determining the elements of  the pa and 
p0 matrices and the above-listed parameters of  the Hamil- 
tonian is inverse to the eigenvalue problem for normal 
vibrations. Since Vand Tare diagonal in the Q~ and Q0 
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coordinates, diagonalization of  these pairs of  quadratic 
forms provides a set of  equations for determination of  
the PES parameters. It is convenient to choose an in- 
trinsic coordinate corresponding to the change in the 
geometry element (the bond length, bond angle, dihe- 
dral angle, etc.) as ~ coordinate. After choosing the 
large-amplitude coordinate it is possible to introduce the 
Uo(~n _ ~o) operation, which changes the position vec- 
tors after replacing ~n by ~0 at fixed equilibrium posi- 
tions for all transverse coordinates. Taking into account 
that the Cartesian frame transformation satisfies the 
Eckart conditions, let us perform a transformation analo- 
gous to transformation (15) 

~o (,~ _ ~0) = R,~r - ,o) + 

+ UfX(~" - r 0(r _ r ,p(r _ r162 _ r162 (19) 

introduction of  a deformed transition state whose geom- 
etry differs from the equilibrium geometry owing to SY- 
couplings only makes it possible to determine the cou- 
pling parameters by comparing the geometries and eigen- 
vectors of  normal vibrations for two rigid configurations 
of  the transition state, corresponding to equilibrium po- 
sitions of  transverse coordinates at ~ = r and at r = r 

# 

The large-amplitude coordinate and external coordi- 
nates are excluded by applying the U 0 operation and 
using the Eckart conditions, respectively, analogously to 
the case of  rigid molecules. Previously, 2~ it was shown 
that the above-listed data of  quantum-chemical calcula- 
tions make it possible to find the set of  Y-coordinates if 
(1) the kinematic matrix G n is a unit matrix for all types 
of  vibrations; (2) the force constant matrix F # is a 
diagonal supermatrix whose blocks correspond to the 
vibrations of  different symmetry; (3) the blocks of  the 
F # matrix, corresponding to the G-,  Sq-, Bre-, Asq-, 
and Hga-vibrations, are diagonal, while the frequencies 
and eigenvectors of  these vibrations coincide with Ok ~ 
and Qk n, respectively; (4) the blocks o f  the F # matrix, 
corresponding to the r L-, Sh-, and HI-vibrations, 
contain off-diagonal elements equal to the coefficients 
of  ~Y-couplings; and (5) the off-diagonal elements of  
YY'-couplings in the F # matrix are equal to zero. These 
conditions follow from the shapes o f  the two-dimen- 

- sionat cuts-(-see Figs. 4 and 5) and-take--into account-t-hat 
the coordinates belonging to the same irreducible repre- 
sentation of  the isodynamic group can be chosen to be 
mutually orthogonal. From Eqs. (17) and (18) we get 

@ = (p0)-~( ?0 )-~ = S(U)-~( ~ )-z ~ = S g ,  (20) 

where po and ~ are transposed matrices. 
Changes in the geometry can be expressed in units o f  

the zero-point amplitudes [~/(mko~)] l/~. Transforma- 
tions (14) and (18) make it possible to find changes in 

Y-coordinates in the ground state with respect to the 
transition state 

A Vk( * ~ - ir = k.~ Pik'sk' ~i 8-'-ff- " (21) 

The A Yk values are related to the coupling constants C k 
= ok2~Yk, thus determining 3N - 7 coefficients for all 
types of coupling (I 1) except for Sh-coupling, for which 

Yk = 0 and the C k values are found from the solution of  
the secular equation. From the fact that the PES (13) 
includes the potential barrier it follows that the Cg 
coefficients satisfy the following inequality: 

~(Ck/o~k) 2 < I, ~22) 
k 

which makes it possible to solve the PES reconstruction 
problem perturbatively. 4~ 

Tunneling splittings in vibrational spectra 
of  nonrigid molecu les  

If a nonrigid molecule has m stable configurations, 
vibrational levels become m-fold degenerate. Tunneling 
transitions remove degeneracy, thus causing splittings of 
vibration bands. If the splittings are small as compared 
with the frequencies, the energy eigenvalues for a bistable 
molecule (m = 2) are determined by 

E H : E  H, ,  E. R - E = 0, (23) 

where E~ L and En rt are the energies of  isolated left and 
right configurations, respectively, and the tunneling ma- 
trix element H.n is calculated using the Lifshitz--Her- 
ring formula 31,41 as the probability flow through the 
dividing surface 

Hnn ~-~m fd{ Yk} , (24) 

where  ~ n  L and ~ranR are the wave functions of  isolated 
left and right states, respectively. The semiclassical wave 
functions (4) can be determined from the solution of  
Eqs. (5) and (6) up to normalizing factors, which, 
according to the basic idea of  the instanton approach, 
can be found using the asymptotically smooth transfor- 
mation of functions (4) into the product of  the functions 
of  harmonic oscillators near the potential minima. 3z,4z 
Such a normalization of semiclassical functions makes it 
possible to find the Hnn values using Eq. (24), thus 
completely describing vibration-tunneling spectra of  non- 
rigid molecules. 

Since going along the tunneling coordinate is ac- 
companied by displacements along transverse coordi- 
nates, the Hnn matrix element can be represented as the 
product of  a one-dimensional matrix element along 
the tunneling coordinate and the Franck--Condon fac- 
tor (FC) 
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/J.. = n~. FC. ~25) 

Calculations of the H~ values are simplified by choos- 
ing simple one-dimensional  potentials. For bistable mol- 
ecules the double-well potential is often approximated 
by the so-called X4-potential 

V(X) = 0.125mf22a02( 1 - X2)  2 = 0 . 2 5 7 h f 2  ( I - ) (2 )2 ,  (26) 

which depends on the parameters a 0 and fL which allow 
one to fit the shape of  the one-dimensional  barrier. If 
,~fl is chosen as the energy unit,  the potential and action 
are measured in the units of  the semiclassical parameter 
,i defined by Eq. (2). For the potential given by expres- 
sion (26) the tunneling matrix element is 

H'L = r ~2r2-g,~ .~). (27) 

The following equations can be derived for hindered 
internal rotation about the / - fo ld  axis in the one-d imen-  
sional potential: 

V0(f0 = 1~211 - cos(/to)l/fl = ),/~f)[I - cos(l~)]/2L (28) 

yon, = [hf~24n+2(y/l)'*+l/2/( ~_a n!)lexp(-4ffl). (29) 

Eqs. (27) and (29) are the leading terms of  the expan- 
sion of  tunneling matrix elements in powers of  the 
semiclassical parameter ,/. I f  necessary, corrections of 
the order of-/-1 can also be calculated. 17 At I -> 10, they 
do not exceed 10 to 20%. The advantage of  the poten-  
tials given by formulas (26) and (28) is that the kink is 
respectively described by simple analytical expressions 

X = th(~t), cos(/r = th(0.51D.t). (30) 

Asymmetric molecules with inequivalent configurations 
are described by more complicated one-dimensional  
potentials (see, e.g., Ref. 43)�9 

The exponent of  the F ranck- -Condon  factor, which 
is clue to the deviation of  the action along the ETT from 
the one-dimensional  one, was studied in detail when 
solving the problem of dissipative tunneling in the double- 
well potentials linearly coupled with a set of  harmonic 
oscillators. 44-46 The basic idea of  Feynman formalism 22 
is to exclude harmonic variables, which are found as 
functions of  X at other moments  of  time by integrating 
the equations of  motion 

Yk(t) = - ~ J'exp (-oklt - t'DX(t')dt ". (31) 
Z.O) ,~ _,.~ 

Substituting Eqs. (30) into Eq. (31), we get a set of  Yk(t) 
coordinates which, in combinat ion with X(t), defines the 
first-order ETT in parametric form. Since the solutions 
of  the equations of  motion for Yk are found as expan- 
sions in the series of  odd powers of  coupling parameters, 
the ETT given by Eq. (31) deviates from the true ETT 
by terms proport ional  to higher degrees of  C~. The series 
for X(t) and Yk(t) in powers of  Cffo~k converge rapidly 
and monotonically,  so the deviations of  the first-order 

ETT from the true one do not exceed 5--10% even for 
active transverse vibrations (with largest Cffc% values 
equal to 0.5). 17-:t~ 

The contribution to the semiclassical action due to 
linear XY-coupling has the form 6 

2 "~ 

8 W  = ~ C ~  fexp ( - t%] / -  t '[)j((t)j((t ')dtdt' .  (32) 
- - 4 ( D J  k ' k - -~ 

Previously, 17,47 it was shown that similar contribution of 
G-coupled vibrations is described by the sum of the same 
integrals and differs from Eq. (32) by the -~o/~-2 factor. 
Variations of  the transverse frequencies along the ETT 
introduce a correction to the action 17 of  the order of  
7 - I .  In the harmonic approximation, the contributions 
are additive. Using the perturbative instanton approach 
(PIA), it is easy to find analytical expressions for the 
second-order  action by substituting Eqs. (30) into inte- 

g ra l  (32). The effect of  the transverse v ibra t ion  
anharmonicity and ~5-dependent YY'-interactions is, as 
a rule, insignificant.19 At o~ < ~ ,  the contribution of  the 
kth transverse vibration to the action increases propor-  
tionally to co k and reaches a maximum value of  +2(Ck/ 
r for L- and G-vibrations at oJ k >> f2, so that active 
high-frequency vibrations make the major contribution 
to fiW. 

The transverse prefactor for the ground state differs 
only slightly from unity due to changes in the transverse 
frequencies along the ETTfl 7,4s Mixing of  (n, nk) and 
(n ' ,  n~ - I) states (n" = n + 1, n + 2 . . . .  ) due to 
XY-coupling causes a substantial increase in the prefactor 
for excited vibrational states, ts Though the coefficients 
of  the "pure' states with n" > n in the mixed wave 
functions ~Pn,lnk[ a r e  small (of the order of  Cffc%), their 
contribution to H,~, appears to be large because of  
appreciable increase in the tunneling splitting with in- 
creasing n, as follows from Eqs. (27) and (29). Accord-  
ing to the first-order perturbation theory, the mixing 
coefficients are inversely proportional to the energy 
difference between the mixing (n, n k) and (n ' ,  n k - I) 
states, so the tunneling splitting of  the level of  the kth 
excited transverse vibration increases by several orders of  
magnitude in the regions of  the Fermi resonance be- 
tween this vibration and the longitudinal vibration. The 
resonance-type frequency dependence of the splitting is 
shown in Fig. 7. For the asymmetric double-well PES, 
the Fermi resonance can occur between the closely lying 
levels with any quantum numbers  of  t h e  longitudinal 
vibration. For  the periodic PES characteristic of  internal 
rotations, additional selection rules exist, namely, n - 
n '  = +1, +3,  ... for L- and Hga-coupl ings  and 
n - n '  = +2, +4 . . . .  for Bre- and HI-couplings. 

For asymmetric double-well potentials with the dif- 
ference A between the minima,  the energy difference 
between a pair of the closest-lying levels is given by 

( ) JO,, ( . )  E,2~=0.5 E ~ + #  ~ 5 Eo 2 
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Fig. 7. Dependence of tunneling splitting of the (0, I ) level on 
the frequency of transverse vibration in the potential with 
gated coupling. Clio = 0.04; ;; = 20. 

where En ~ and E, 0 are the enemies of  the nth and n ' t h  
levels for isolated wells. From relationship (33) it fol- 
lows that a large tunneling effect is expected in the 
vicinity of  several types of  resonances. In the regions of  
longitudinal resonances, where En ~ - En ,~ -~ tl.c2., the 

tunneling matrix element Hnn. is Hnn" = ~ At 
l ' l  t~nl'l W W  �9 

En ~ - E,, "~ = ho~k, the tunneling matrix element corre- 
sponds to a transition with absorption or  emission ofhe~ k 
quanta. For this process, called vibrationally assisted 
tunneling, 49 the H,,n. matrix element is proportional to 
Ck2. 5~ At E,z ~ - E,  .~ = h(f~ - COk), tunneling is associated 
with the Raman process of  absorption and emission o f  
the quanta of  longitudinal and transverse vibrations. 5~ 

Quantum decay of metastable states 

The theory of  unimolecular  dissociation reactions is 
based on the solution of  the model problem of  decay of  
metastable states separated from isoenergetic states of  a 
cont inuous spectrum by a potential barrier (see, e.g., 
Refs. 3 and 4). At energies lying close to the barrier 
height I/n, the spectrum becomes so dense that the 
cross-anharmonici ty  of  vibrations mixes the states with 
different quantum numbers, thus transforming them into 
ergodie sta_tes 5z for which t h e  decay probabil i ty is. i n d e - .  
pendent  of  the energy distribution over vibrations and 
is determined by their total energy only. Stochastic 
behavior of  polyatomic vibrational systems at high ener-  
gies (E  > l/a) permits use of  the statistical RRKM 
model 3,4 in the theory o f  unimolecular  decay. This 
model postulates the existence of  fast vibrational ex- 
change to maintain the statistical equilibrium in the 
course o f  the decay. In statistical models, decay of states 
with energies lower than ~ is taken into account by 
introducing tunneling corrections equal to the transpar- 
ency of  the one-dimensional  barrier along the reaction 

path. At sufficiently high barriers, such a description is 
obviously inapplicable to the low-energy states charac- 
terized by the set of  "good" quantum numbers for the 
longitudinal (n) and transverse Ink} vibrations for which 
the decay rate is related to the small imaginary part of  
the eigenvalues 

En.{,,k) = E~.I,~) - 0.Sff'(n, {nk}). (34) 

The existence of  two types of  states (regular and ergodic 
ones) can be demonstrated,  e.g., by calculating the 
spectrum of  the model two-dimensional  Henon--Hei les  
potential, l,53 in which, at a barrier height of  1/6, regular 
states lie at energies lower than 1/10. 

The theory of  mult idimensional  metastable state 
decay is closely related to the problem of  mode specific 
chemical reactions. Single-channel  decay selectivity 
arises only from violation of  the equilibrium between the 
levels upon optical pumping o f  one of  them and is 
considered beyond the initial assumptions of  statistical 
models. l~ In multichannel reactions, s5-57 the rela- 
tive probabilities of channels also become dependent  on 
the quantum numbers (n, Ink}). Obviously, the mode 
specificity must increase with decreasing rate of  vibra- 
tional exchange to reach a maximum in the molecules 
with separable longitudinal and transverse motions. 
In this case the excitation of  transverse vibrations has 
no effect on the decay rate, whereas excitation of  
the longitudinal vibration causes exponential  increase in 
the decay rate. Coupling between the vibrations must 
weaken the dependence of the decay rate on (n, {nk} ), 
especially in the regions o f  Fermi resonances. Whereas 
considerable progress in studying the decay of  ergodic 
states has been achieved due to going beyond the scope 
of statistical models, s5-57 the decay of  low-energy states 
was studied only recently using the PIA. 50,s8 The PES 
includes the one-dimensional  decay potential of  the 
form 

V(X) = 0.5X2(I - X) (35) 

and the set of  linearly coupled transverse vibrations 

F, = ~ 26"+3't"+1/2 e -~6~.II5. (36) 
n! 

For the ground state, Eq. (36) is reduced to a 
relation derived 59 (see also Refs. 6 and 43) from analysis 
of  t h e  eigenftequencies of  smal l  f luc tuat ions  about the 
ET'I" 

]f•'~ e-2u.'" ~--Y-2~ e-16,.t/15 ' I-0 = ~o0 ~ .h' = too (37) 

where W* is the action between the turning points. The 
E'IT in potential (35) is called bounce  

X(t) = ch-2(0.5t). (38) 

It approaches the minimum at t ~ -oo and t ~ +~o and 
reaches the point X = 1 at t = 0 (see Fig. 3), which 
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doubles the action as compared to that on the kink. The 
transverse displacement of  the bounce, proportional to 
C/o), is described by the equation 

I ? = r Y - CX/o~ 2) (39) 

and has the form 

zo 
Y(X) = 4CXJ'e -2'~ sh(Z)ch(Z) dZ. (40) 

o I + Xsh2(Z) 

The action is calculated using the following expressions 
for X(t) and Y(/): 

4 C 2 16C2co~e -2`')z (Zcth(Z) I)dZ. (41) 8 + _  _ w'=l~ 3 W  o 

Eq. (39) shows that linear coupling decreases the decay 
rate, thus elongating the tunneling trajectory as com-  
pared to the I D trajectory. The E ' IT is shortened and 
the correction to the action decreases as the frequency 
of  the transverse vibration increases. In the adiabatic 
limit, the correction to the action vanishes. The W'(o)) 
value monotonical ly decreases as the frequency increases 
and reaches a value corresponding to the I D bounce. 
The contribution o f  low-frequency transverse vibrations 
to the action is due to the deviation of the trajectory 
from the adiabatic one. 

As follows from relations (40) and (41), the first- 
order bounce and the second-order action on this bounce 
are described by universal functions of  frequency, which 
are independent o f  the coupling constants (Fig. 8). This 
essentially simplifies analysis of  multidimensional quan- 
tum dynamics. According to the Fermi golden rule, the 
decay rate is proportional to the square of  the tunneling 
matrix element,  so the Lifshitz--Herring formula (24) 
can be rewritten as follows 

Fn.lnk} = FO.(n~.} + 

+ _ (42  

where FOn,{nk} are the decay rates of  the "pure" (n, Ink}) 
states with "good" quantum numbers and Vim is the op-  
erator of  the interaction between these states. 18 Rela- 
tionship (42) can be called the generalized Lithhitz-- 
Herring formula, which takes into account the mixing of  
different states due to the coupling between the longitu- 
dinal and transverse coordinates. Using the selection 
rule for the Pinl matrix elements (-n'l = n l + l ) ,  we 
exclude the terms with n ' l  = nl from the sum in 
expression (42), so for the (0 . . . . .  I k . . . .  ) state it has the 
form 

2F 
Ck oak rO 20)3 
"-5"i ~ - m  + F~ + 

+ \21 2~ 2 - 
L ( , - < o : )  ,( ,  o,,~# t4-o,k) 

] 
+ atoi , 1"O + "'" , (43) 

,"0 + <4) j 

As can be seen, even at small coupling parameters the 
F0~ value increases by several orders of magnitude as 
compared with F~ The resonance type of  Eq. (43) 
shows that the decay rates of  the (0, nt) states must 
appreciably increase near the Fermi resonances. This 
result obtained in the framework of  the PIA confirms 
the results of quantum calculations (Fig. 9). The widths 
of  the resonances increase as the coupling coefficients 
increase, thus decreasing the mode specificity. The latter 
also decreases as the vibrational quantum numbers in- 
crease. The decay rates of  the lowest excited states of  
different vibrations can differ by several orders of  magni- 
tude, which provides the possibility for mode specific 
photochemical reactions initiated by optical pumping of 
the corresponding vibrational levels to proceed. This 
mechanism is much more selective than the multipho- 
ton dissociation 6~ inducing the decay of  the ergodic 
states with energies lying near the dissociation thresh- 
old. The possibility of  isotope separation in mode spe- 
cific reactions is due to the changes in the vibrational 

1.4 W -  8/15 or 0.5y-Iln[r01l-(0, 0)] 

1.2 

1.0 
_A 1 

0.8 o 2 
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0.2 oo 

1 2 3 4 

Fig. 8. The action W -  8/15 (solid line) and correction to the 
action 0.5,t-tln(F0/F(0,0)) as functions of the frequency of 
transverse vibration (co). Obtained from exact calculations for 
C/to = 0.I (I) and 0.25 (2). 
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Fig. 9. Dependence of decay rate for (0, 0), (0, I), and C0, 2) 
states (curves 1, 2, and 3, respectively) on the frequency of 
transverse vibration (o~). C/o~ = 0.1. 



2198 Russ.Chem.Bull., Vol. 48, No. 12, December, 1999 Benderskii 

frequencies upon isotope substitution. If the frequency 
difference between the isotopomers exceeds the widths 
of the (01) vibrational bands, monochromatic optical 
pumping excites only one isotopomer, thus providing 
the selectivity of further excitation up to the dissociation 
threshold. Tunnel ing decay of the state with n k = 1 
characterizes both the optical selectivity and the mode 
specificity of the chemical reaction. 

The PIA allows one to quantitatively describe the 
dynamics of molecular rearrangements without using 
simplified models with a reduced number of degrees of 
freedom for the two most typical manifestations of 
tunneling, namely, for tunneling splittings in the vibra- 
tional spectra and for the decay of metastable com- 
pounds. In the former case we deal with coherent transi- 
tions between the stable configurations. They are char- 
acterized by the tunneling frequency, so the concept of 
the rate constant is inapplicable for their description. 
For initiating tunnel ing chemical conversions, it is nec- 
essary to consider the processes of coherency destruc- 
tion, ~,61,62 associated with collisions of molecules or 
with their interaction with the medium. Phenomena-  
logically, these processes are taken into account by 
introducing the characteristic correlation time zc or the 
friction coefficient rl = m/~c .6'44"45"63 At ~cAn/h << l, 
the rate constant of incoherent tunneling transition from 
the initial state with tunneling splitting A n is described 
by the relationship 

K n = 0.25An2xc. (44) 

The overall rate constant is determined by statistical 
averaging of partial constants Kn over the initial energy. 
distribution. However, such an interpretation of tunnel-  
ing chemical reactions excludes a broad intermediate 
region of weak chaos (incomplete loss of coherency) 
from consideration. It would be more correct to say that 
at present the quantum theory allows one to calculate 
the rate constant rather than to explain from where it is 
originated. 

The PIA formalism describes the dynamics of proton 
transfer in the molecules with intramolecular hydrogen 
bonds (e.g., in malonaldehyde 17,19,64 and tropolone 6't 
molecules and in formic acid dimerZT,19), internal rota- 
tions about the C 2 or C3 axes (H202, z~ HNO3, 65 and 
MeOH 19 molecules), inversion, 66 and interconversion. 48 
Studies of two-proton tunneling transfer in the porphy- 
rin molecule 67,68 have led to generalization of the PIA 
for the molecules with two tunnel ing coordinates. As 
was emphasized in the Introduction, limitations of this 
approach are due not only to the weak coupling condi-  
tion (22), but also to the absence of overlapping Fermi 
resonances, which are characteristic of higher excited 
vibrational states. 
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